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We consider an imperfect relativistic fluid which develops a shock wave and discuss its structure
and thickness, taking into account the eects of viscosity and heat conduction in the form of sound
absorption. The junction conditions and the nonlinear equations describing the evolution of the
shock are derived with the corresponding Newtonian limit discussed in detail. As happens in the
non relativistic regime, the thickness is inversely proportional to the discontinuity in the pressure,
but new terms of purely relativistic origin are present. Particularizing for a polytropic gas, it is
found that the pure viscous relativistic shock is thicker than its nonrelativistic counterpart, while
the opposite holds for pure heat conduction.
PACS: 47.40.-x, 47.75.+v
I. INTRODUCTION
Relativistic eects involving particles and wave motions play a major role in many astrophysical phenomena. For
example, the presence of relativistic particles may be responsible for the continuum radio emission appearing in
certain classes of active galaxies. Current observations of gamma-ray bursts (GRB) and \blazars" sources also require
the production of highly relativistic particles to explain their emission, and cosmic rays endowed with a power-law
spectrum with energies up to  1020 eV are directly observed at the earth atmosphere [1{3].
Among all topics in fluid mechanics and modern astrophysics, the problem of formation, evolution and damping of
shocks in a relativistic medium is a fundamental one. We recall that one of the most important mechanism producing
the mentioned power-law spectrum of cosmic rays is the (Fermi) acceleration of those particles by shock waves of
arbitrary strength. This fact has provoked a renewed interest in the physics of relativistic shock fronts in the last
few years (see [4] and references therein). The presence of relativistic shock waves is also an important ingredient for
studies of supernova explosions [5,6], and may play a fundamental role in some scenarios of galaxy formation since
heat (or entropy) may be generated behind the shock at the expense of the kinetic energy associated to the wave
motion [7].
The theory of relativistic shock waves was pioneered by Taub [8], with the related junction conditions and adiabats
further discussed by Israel [9], Lichnerowicz [10] and Thorne [11]. These results were established for a relativistic
perfect simple fluid, and since the theory does not involve any characteristic length scale, the shock front was described
by a mathematical surface of zero thickness (abrupt transition). In this sense, a lot of studies have been done extending
these works to the non linear regime of relativistic hydrodynamics, and also to ideal relativistic magnetohydrodynamics
(e.e. see the excellent book by A. M. Anile [12] and references therein).
In this article we are interested on the shock wave theory for an imperfect relativistic fluid. It is well known that for
dissipative relativistic fluids, for scales smaller than the dissipation scale L associated to =c (where by  we denote
any of the viscosities or heat conduction coecient and by c the speed of light) ordinary Navier-Stokes formulae do
not apply [13]. We shall be concerned with fluid regimes whose characteristic lengths are larger than the mentioned
dissipation scale, and hence the classical theory for dissipative fluids can be used with condence.
All fluids are dissipative, and in this sense non relativistic shock waves propagating in a dissipative medium cannot in
general be considered as an abrupt transition, but instead as "thick", its thickness being determined by the dissipative
coecients (i.e. viscosities and heat conductivity) [14,15]. Also, shock waves propagating through a gas mixture that
undergoes diusion of one component, show similar characteristics as the ones due to dissipation, i.e. they are "thick
waves" [16]. This fact aects not only the evolution of the wave but also can have important eects in processes that
depend on the features of the shock wave: for example in the context of cosmic ray acceleration, the presence of a
thickness might aect the eciency of the accelerating process1.
1This fact was investigated by several authors [18], who considered the eect of diusion of cosmic rays through the shock: it
also induces a thickness thereby reducing the acceleration eciency.
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A pioneering study of this system was done many years ago by Koch [17] who showed that if the shock velocity is
greater than a certain critical value, relativistic interaction of heat transfer and momentum transfer give rise to an
increase in the velocity at the upstream end of the shock layer. The purpose of our work is to discuss several aspects
that were not considered in the work by Koch and therefore provide to the completeness of the phenomenological
knowledge on shock waves.
Our main aim is to derive the equation for the (generalized) Taub curve, and the general expression for the thickness
of a plane shock wave in the weak relativistic regime, taking into account both the classical dissipative mechanisms
(heat conduction, bulk and shear viscosities), and the associated sound absorption process. We shall not address
in this paper the important issue of diusion in a relativistic fluid as well as applications of our results to dierent
astrophysical processes, which we intend for future work.
The paper is structured as follows. In the next section, we review briefly the Eckart formulation for a viscous,
and heat conducting relativistic simple fluid. In section III, we derive the junction conditions and the corresponding
expressions for the generalized Taub-Rankine-Hugoniot curves of a unidimensional shock wave in non-equilibrium
regime. The general expression for the thickness of the shock and its comparison with the non-relativist limit is
derived in section IV . The Newtonian limits for the remaining expressions are discussed in the Appendix. The metric
signature is (+;−;−;−).
II. IMPERFECT RELATIVISTIC FLUIDS: THE ECKART APPROACH
The relativistic theory of imperfect fluids rests on two basic ideas. The rst one is the local equilibrium hypothesis
(LEH). It implies that out of equilibrium the state functions (like the entropy) depend locally on the same set
of thermodynamic variables as in equilibrium. In particular, the usual thermodynamic temperature and pressure
concepts are maintained in the relativistic non-equilibrium regime. The second idea is the existence of a local entropy
source strength (entropy variation per unit volume and unit time), which is always non-negative as required by the
second law of thermodynamics. Mathematically, the LEH is represented by the Gibbs law, whereas the entropy law
takes the form of a balance equation. By combining such assumptions with the fluid equations of motion, one nds an
expression for the entropy source strength, as well as for the constitutive (phenomenological) relations. The perfect
fluid equilibrium theory is recovered by taking the limit of vanishing entropy production rate. However, an important
point of principle should be stressed. Dierent from the Newtonian regime, in the relativistic domain there is an
ambiguity related to the possible choices of the macroscopic hydrodynamic four-velocity. In the so-called Eckart’s
formulation [19,20], the four-velocity is directly related to the particle flux, while in Landau-Lifshitz’s approach [14],
it is dened by the energy flux. In principle, a general treatment should be able to deal with any of these \gauge"
choices [21]. In spite of that, for simplicity and a simpler comparison with previous studies, in what follows we will
adopt the Eckart formulation.
The thermodynamic state of a relativistic simple fluid is characterized by an energy-momentum tensor T , a
particle current N and an entropy current S. The fundamental equations are expressed by the conservation laws
(particles and energy-momentum), as well as by the balance equation for the entropy flux
N; = 0; T

; = 0; S

;  0; (1)
where N is the particle flux, T  is the stress tensor and S is the entropy flux (comma denotes space-time deriva-
tives). In Eckart’s frame, the particle flux and the stress tensor can be written as [20,21]
N = nu; (2)
T  = uu − ph + h + c−1(qu + qu) +  ; (3)
and the entropy flux is given by




Let us explain the quantities appearing in the above expressions: the symbols n, , p, , T and kB denote, respectively,
the particle concentration, energy density, pressure, specic entropy (per particle), temperature, and Boltzmann
constant. The hydrodynamic 4-velocity u is normalized according to uu = 1. The tensor
h = g − uu ; (5)
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is the usual projector onto the local rest space of u. The irreversible fluxes , q, and  are dened by
 =  (6)
q = h(T; −Ta) (7)
 = 







where ,  and  are the classical phenomenological coecients (thermal conductivity, bulk and shear viscosities), and
a = u;u is the four acceleration. The bulk viscosity stress, , represents an irreversible negative pressure, and 
is the scalar of expansion (divergence of 4-velocity). The heat flux q is orthogonal to the 4-velocity i.e., qu = 0,
whereas the shear-viscosity tensor  , is symmetric, trace free and space-like.
For completeness, we recalled that all dissipative fluxes , q, and  , as well as their space-time derivatives, are
of rst order of smallness on the equilibrium deviations. The same happens with the space-time derivatives of the












is a second order quantity of smallness. In what follows we write the 4-velocity as u = γ (1; ~v=c) where γ =(
1− v2=c2−1=2 is the Lorentz factor.
III. TAUB CURVES AND ENTROPY JUMP
Let us now consider the junction conditions for a plane shock wave taking place in a relativistic imperfect fluid.
Using them we derive the generalized Taub curve and, for weak shocks, the associated entropy jump. Such relations
are required for establish the expression for the thickness of the shock wave due to the presence of viscosity and
thermal conduction, and taking into account the acoustic damping.
A. Junction Conditions
As happens with an ideal fluid, the relativistic junction conditions are dened by the continuity of the particle
current Nx, and the momentum and energy fluxes i.e., the xx and 0x components of the energy-momentum tensor:




= 0; [T xx] = 0 ; (10)
where square brackets denote the dierence between the values of any of the mentioned quantities inside the shock
and at a large distance in front of it, say side 1 or upstream side. By choosing the spatial component of the four
velocity along the x-axis, it follows that u0 = γ, ux = γvx=c, and the non-null components of the projector tensor
are: h00 = − (ux)2, h0x = −γux and hxx = −γ2. For convenience, the density particle current will be expressed as













































































































and used that u0;0 = u
x@tu
x=cγ; u0;x = u
x@xu
x=γ. Also, it has been assumed that at large distances from the shock
the flux is uniform, that is, all gradients vanish.
B. Generalized Taub curve
In order to obtain the expression for the change in the entropy across the shock let us consider a procedure similar





n2 (ux)2 c2 we obtain


















































































































Finally, by subtracting (16) from (15) and using that γ2 = 1 + (ux)2 it follows that































































Equation (17) together with the denition of j=c, i.e., eq. ( 11) are the generalized Taub junction conditions for a
plane shock wave in an imperfect relativistic fluid.
C. Weak shock wave: entropy density jump
Let us consider the weak shock case, i.e., that one for which all discontinuities are small. This means that dierences
like V −V1, p−p1, etc. between the values inside and outside the transition layer are small. Thus dierentiation with
respect to x or ct increases the order of smallness by one, i.e. dV=dx is a second order small quantity. In this sense
we see from (17) that the term involving the viscosity coecients are of third order while for the heat conduction,




= − ; (18)












the enthalpy jump as given by (17) can be expressed as
w2 − w21 = (p− p1) (w=n + w1=n) (20)




















Note that the term proportional to T is proportional to c−2 through the dependence of  on the four velocity and
time derivative (conf. eq. (18)).
In the dissipationless regime, the resulting expression for the Taub adiabat are formally very similar to the Newtonian
expression, as can be seen in Refs. [14] and [11]. For an imperfect fluid, the change in the entropy across a relativistic
shock wave is also of second order in the pressure, as it is in the nonrelativistic case. However, as one may see from
(20) three new purely relativistic terms came into play. In Appendix A, we show that eq. (20) yields the Newtonian
expression previously found in the literature (see, for instance, Ref. [14]).
To nd the expression for the entropy jump across the shock wave we follow a standard procedure [11] and develope
w=n around its upstream value, in powers of (p− p1). We write the rst law of thermodynamics as dw= dp=n + Tds,
where s is the entropy per particle, multiply this expression by w, using the development of w=n, keeping the zeroth
order in wT in the second term and integrating we get





















As the derivatives of T and n are already of second order, we consider (wγ + w1γ1) ’ 2 w1γ1 in eq. (20). In this
approximation, comparing with (21) we obtain the entropy density jump:






















Therefore, as in the nonrelativistic case, the entropy density jump is proportional to the heat conduction coecient.
As one may check, the non relativistic limit of this expression is trivial and coincides with the known expression [14].
IV. SHOCK WAVE THICKNESS
Relativistic or nonrelativistic shocks are described by an evolving non linear wave. On the other hand, waves
propagating in a viscous, heat conducting medium will be damped. This fact can be phenomenologically described by
an extra imaginary term in the dispersion relationship for the wave, i.e., by writing ! ’ vsk − icLk2 where ! is the
frequency, k the wavenumber, vs the sound speed, and L the absorption length (see Refs. [14,22]). Then the equation













where by f we denote a suitable function that describes the wave prole. To nd this equation we shall proceed in two
steps: in the next subsection we shall nd the non-linear term and in the subsequent one the quasi-acoustic damping
contribution.
A. Non linear term in shock waves
In order to nd the non linear contribution in the evolution equation for the shock wave, we only need to consider
equations for an ideal fluid. Consider now the local reference frame in which the medium is at rest (comoving frame),









































= 0 ; (25)
Expand












p = p0 + p ; (27)
where 0 and p0 are the background values. Using that for a wave propagating to the left we can write v =







































































































p = 0 (33)




























This equation looks like the nonrelativistc result (see Ref. [14]), except that ( + p) replaces the rest mass density,
the relativistic energy density is derived twice with respect to the pressure, and the ratio of the sound speed to the
light speed appears explicitly. The last term between square brackets is a pure relativistic correction.
B. Dissipative term of the shock wave equation
The acoustic relativistic damping length required by the complete non-linear equation of a shock wave was derived in
another context by Weinberg [22]. We refer the interested reader to this work in order to see details of the derivation.
Here, we just quote the nal expression
cL =
1





























Weinberg expression is recovered when we replace Cv (Cp) = ncv (ncp) and set c = 1. Again, it should be noticed
that the above expression is the same nonrelativistic result (see Ref. [14]), except that ( + p) replaces the density of
rest mass, and a specically relativistic correction proportional to T appears explicitly.
6
C. Solving for the thickness
According to what was stated at the beginning of this section, the full equation of evolution of a shock wave is then
obtained by adding to eq. (33) a term proportional to the second derivative with respect to the x which takes into













Following the usual analysis [14], we propose as solution
p = p () ;  = x + vwt (37)




(vw − vs) p− 12vspp









(p1 + p2) +
1
2
(p2 − p1) tanh (p2 − p1) (x + vwt)4 (c=vs) (L=p) (39)
where p1 is the pressure far upstream and p2 far downstream. Returning to the reference frame where the shock is at
rest, we have for the pressure variation
p− 1
2
(p1 + p2) =
1
2






where we dene the "thickness" of the shock
4 = 4cL
vsp (p2 − p1) (41)
We see that this expression is formaly identical to the non relativistic one, and again proportional to the inverse of
the pressure dierence. The relativistic corrections are in the factors p and cL.
D. Analysis of the thickness
In this subsection we shall estimate the eect of the relativistic corrections, i.e. if they increase or decrease the
shock thickness. We shall do that in the weak relativistic limit. We then write (see Appendix)













with NR, ; ~NR and  given in Appendix. The non relativistic expression for the shock thickness is [14]  =











where the last semi-equality holds for the weak relativistic case. Replacing the mentioned expressions of Appendix A















































In order to compare the resulting thickness with the non relativistic outcome, we shall evaluate this expression for a
polytropic gas and in the two limiting cases: with only viscosity and with only thermal conduction.
1. Polytropic gas
A classical polytropic gas is one for which the classical energy density and classical enthalpy density are given






and (@p=@T )n = cv (Γ− 1) and 1=cv − 1=cp = (Γ− 1)2 T=Γp. Replacing these formulae in the classical expressions
































We see that in this case the relativistic shock is thicker than the non relativistic one, the increment being proportional
to the sound speed.








(Γ2 − 1) (48)
In this case the relativistic shock is thinner than its non relativistic counterpart, and the correction is again proportional
to the sound speed.
E. Entropy density jump
With the expression for the pressure given by (40), we can express the entropy jump as a function of the pressure
discontinuity. We begin by writing explicitly the derivatives in the expression for , namely eq. (18) and then use
@=@t = vs@=@x to replace the time derivative. Then we develope dT=dx = (@T=@p)s dp=dx + (@T=@s)p ds=dx ’
(@T=@p)s dp=dx and dn=dx = (@n=@p)s dp=dx + (@n=@s)p ds=dx ’ (@n=@p)s dp=dx. Inserting this result into (22),
evaluating dp=dx from (40), we obtain the following expression for the entropy jump, in a reference system in which
the shock is at rest:
































where the factor c in cL does not add an extra power in the speed of the light (see Appendix).
As happens in the non relativistic case [14], the entropy reaches a maximum inside the shock [15] and is of second
order in the pressure discontinuity.
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V. CONCLUSION
In this paper we have extended previous studies of shock waves done in the nonrelativistic domain to the weak
relativistic case. By considering dissipative relativistic fluids in the range of validity of the Navier Stokes theory [13],
we have obtained expressions for the entropy density jump and the shock thickness that formally coincide with the
nonrelativistic ones, but in each of the factors that build them, purely relativistic corrections appear explicitly. We
have particularized the expression of the shock thickness for a polytropic gas and analyzed the eect of the corrections
in the two important limits dened by the presence of viscosity or heat conduction. When only heat conduction is
taken into account the relativistic shock is thinner than the non relativistic case. This result could be understood by
observing that heat conducting fluids can develop "thermal discontinuities" [14,15], i.e. they allow for discontinuities
in the velocity, pressure and density of the fluid flow, while the temperature remains constant in them. On the other
hand, when only viscosity is present, the shock thickness is larger than its non relativistic counterpart, and hence the
tendency to erase singularities is stronger in the relativistic limit than in the nonrelativistic one. This dierence in the
eect of the relativistic corrections can be understand also as follows. Viscosity provides the mechanism to convert
a portion of kinetic energy of the gas flowing into the discontinuity into heat; this conversion is equivalent to the
transformation of the energy of ordered motion of gas molecules in the energy of random motion by the dissipation
of molecular motion. In this respect heat conduction has an indirect eect on the conversion process since it only
participates in the transfer of the energy of random motion of the molecules from one point to another, but does not
directly aect the ordered motion. The corresponding relativistic corrections seem to amplify these eects. Obvious
extensions of this work are the study the spherically symmetric case, with its direct conection to supernovae and
gamma ray bursts, and the eect of diusion on a relativistic shock, and its influence on the process of acceleration
of cosmic rays. We shall address these issues in forthcoming papers.
Finally, it should be mentioned that although successful in revealing the physics underlying a large class of phenom-
ena, the rst-order theories present some experimental and theoretical drawbacks. In its classical version, the linear
constitutive equations (6)-(8) are not adequate at high frequencies or short wave lengths as manifested in experiments
on ultrasound propagation in rareed gases and on neutron scattering in liquids [23]. Besides they also allow the
propagation of perturbations with arbitrarily high speeds, which although unsatisfactory on classical grounds, is com-
pletely unacceptable from a relativistic point of view. Furthermore, they do not have a well-posed Cauchy problem
and their equilibrium states are not stable. Several authors have formulated relativistic second-order theories which
circumvent these deciencies [24{27]. In a forthcoming paper, we intend to extend our considerations to this class of
theories.
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work was supported by Pronex/FINEP (No. 41.96.0908.00), FAPESP (00/06695-0), and CNPq (Brazilian Research
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VI. APPENDIX
In this appendix we obtain the non relativistic limit of the dierent magnitudes found in the paper. The starting
point is the non relativistic limit of γ2 ( + p). We begin by neglecting the pressure, because in the limit we are
interested in it is satised that nmc2  p. We are then left with γ2 ( + p)!  = γ2nmc2+γ2" where " is the internal
energy density, i.e. the energy associated to internal degrees of freedom. In the limit of small velocities we have that
nm ! γ where  is the mass density and hence γ2nmc2 ! γc2 =
(
1− v2=c2−1=2 c2 ’ c2 + (1=2)v2. By taking
γ = 1 in the expression for the internal energy density, we obtain the desired limit: γ2 ( + p)! c2 + (1=2)v2 + 
where  is the internal energy per particle.
A. Non relativistic limit of the Taub curve
Before showing this second order dependence in the pressure, it is instructive to show that eq. (20) gives the correct
Newtonian limit. To do this we begin by taking the limit c ! 1 in the mentioned equation, so that the two last
terms in square brackets can be neglected. We are then left with











(w + w1) @xT (50)
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By taking the square-root we get
w
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which is the non relativistic expression found in standard text books [14].
B. Non relativistic limit of the shock thickness
This expression is given by the non relativistic limits of p and L. Using the expression for γ2 ( + p) derived in




















v2s (c2 + " + p)

(55)
In the weak relativistic limit we obtain


































Finally we have to work with the damping length given by eq. (35). To compare the resulting expression with
the textbooks result it is convenient to express the dispersion relationship as k = γ!=vs + iγ2cL!2=v3s . Using
( + p) =c2 =  + (" + p) =c2 we get in the weak relativistic limit















































with cv = Cv= the specic heat per mass unit.
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Now we are ready to reconstruct the non relativistic expression for the shock thickness. By replacing expressions
(56), (57) and (58), (59), (60) and (61) in eq. (41) and taking the limit c!1 we obtain the well known expression
for the thickness of a non relativistic shock [14]:
 =
8aV 2
(@2V=@p2)s (p2 − p1)
(62)
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